Abstract. Meeks, Pérez and Ros conjectured that a closed Riemannian 3-manifold which does not admit any closed embedded minimal surface whose two-sided covering is stable must be diffeomorphic to a quotient of the 3-sphere. We give a counterexample to this conjecture. Also, we show that if we consider immersed surfaces instead of embedded ones, then the corresponding statement is true.
Introduction
We say that a closed minimal surface Σ immersed in a Riemannian 3-manifold (M, g) is stable if the second variation of area is non-negative for all smooth variations of Σ. It is well known that if M contains some non-trivial (homology, homotopy or isotopy) class of surfaces, then one can minimize area on the given class and obtain a stable minimal surface in (M, g). On the other hand, quotients of the 3-sphere endowed with a metric of positive Ricci curvature does not admit two-sided, closed, stable, minimal surfaces. These facts suggest that the existence of closed stable minimal surfaces is related to the topology of the ambient space. In [16] , Meeks, Pérez and Ros stated the following conjecture concerning this relation.
Conjecture (Meeks, Pérez, Ros). Let (M, g) be a closed Riemannian 3-manifold. If (M, g) does not admit any closed embedded minimal surface whose two-sided covering is stable, then M is finitely covered by the 3-sphere. Remark 1. When the surface is one-sided, we consider the two-sided immersed surface associated to it, otherwise we consider the surface itself.
In this work we will give a family of counter-examples to this conjecture. The examples are locally homogeneous Riemannian manifolds modelled on the Thurston geometries Nil 3 and SL 2 (R). The construction uses a topological characterization of these spaces and the classification of its stable minimal surfaces (due to Pitts-Rubinstein [19] ). The main result is (for a more precise version see the main example in Section 2 and the Theorem 3): Theorem 1. Let (M ,h) be Nil 3 or SL 2 (R) endowed with a homogeneous metrich whose isometry group has dimension 4. There are closed Riemannian 3-manifolds (M, h) obtained as quotients of (M ,h) and which do not contain any closed, embedded, minimal surface whose two-sided cover is stable.
One can wonder about what is the correct statement to the conjecture of Meeks, Pérez and Ros. In this direction, we first prove that if we change the class of surfaces considered to immersed instead of embedded, then the corresponding statement is true, i.e, we have: Theorem 2. Let (M, g) be a closed Riemannian 3-manifold. If (M, g) does not admit any closed immersed minimal surface whose two-sided covering is stable, then M is finitely covered by the 3-sphere.
The proof of this theorem uses theorems of existence of area-minimizing surfaces and some of the developments in the theory of 3-manifolds of the last fifteen years, in particular the work of Perelman on the Geometrization conjecture [18] , and the work of Kahn-Markovic on the Surface subgroup conjecture [10] . However, if one keep considering embedded surfaces, we will show in section 4 that our counterexample and the proof of theorem 2 reduces the problem to the following question:
Question: Let M be a non-Haken closed 3-manifold, which is homeomorphic to a hyperbolic manifold. Let g be a Riemannian metric on M . Does (M, g) admit a closed, embedded, minimal surface whose two-sided covering is stable?
Using the following theorem we can obtain interesting consequences about the geometry of the manifolds in theorem 1.
Theorem. Let (M, g) be a closed Riemannian 3-manifold which does not admit any closed embedded minimal surface whose two-sided covering is stable. Then:
(1) (Meeks, Pérez, Ros, [16] ) Any two closed, immersed minimal surfaces in (M, g) intersect (Frankel property).
(2) (Meeks, Pérez, Ros, [16] ) Every closed, two-sided minimal surface embedded in (M, g) is a Heegaard splitting.
(3) (Marques-Neves, [12] ) (M, g) contains an infinite number of distinct closed, embedded, minimal surfaces.
(4) (Song, [25] ) If M is orientable, a strongly irreducible Heegaard surface in M is isotopic to a minimal surface of index at most 1 .
(5) (Mazet-Rosenberg, [15] ) The embedded minimal surface of least area in (M, g) is orientable, has index 1 and is a min-max surface that realizes the Almgren-Pitts width W (M, g).
Concerning item (3), the Yau conjecture says that any closed Riemannian 3-manifold contains an infinite number of distinct closed, immersed, minimal surfaces. This conjecture was proved very recently by Song [26] , after successive advancements by many authors. The proof uses the recent developments of the Min-max theory of minimal surfaces carried out by by Marques, Neves and their collaborators.
In [12] Marques and Neves, proved the conjecture for manifolds which satisfies the embedded Frankel property (in particular manifolds with Ric(g) > 0). In [9] , Irie, Marques and Neves proved the strong fact that for generic metrics (in the Baire sense) the union of all closed, embedded minimal hypersurfaces is a dense subset of a closed manifold of dimension 3 ≤ n ≤ 7. Also, in [13] Marques, Neves and Song obtained a quantitative version of the previous result. The main ingredient in the proof of these results is the Weyl law for the volume spectrum by Liokumovich, Marques and Neves [11] .
Later, working on the Allen-Cahn version of min-max theory developed by Guaraco and Gaspar in [4, 5] , Chodosh and Mantoulidis [2] proved a version of the Multiplicity One Conjecture of Marques-Neves in dimension 3, and following a strategy of these authors proved the Yau conjecture for bumpy metrics and metrics with Ric(g) > 0 (the nolvety of their statement in the generic case, is that there is a sequence of two-sided embedded minimal surfaces {Σ k }, with index(Σ k ) = k, and |Σ k | ∼ k 1 3 ). Also, in [6] , Gaspar and Guaraco obtained variations of the results in [9, 13] , and using the work in [2] proved that in dimension 3 the surfaces can be chosen to be separating in the density statement. Finally, building in the ideas of [12] , Song settled the full conjecture [26] , proving that in dimensions 3 ≤ n ≤ 7 there exists infinitely many embedded closed minimal hypersurfaces for any metric.
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Seifert Fibered Spaces
In this section we recall some facts about Seifert Fibered Spaces. The main references used here are [14, 24] . Let D denote the unit disc of the complex plane centered at the origin. Let p, q be two coprime integers with p > 0. A standard fibered solid torus with coefficients (p, q) is a solid torus
where A Seifert Fibered Space is an oriented 3-manifold M foliated by circles, such that every circle has a fibered neighbourhood diffeomorphic to a standard fibered solid torus. Let S be the topological space obtained from M by quotienting the circles to points, then S is a compact connected surface and has a natural orbifold structure: if the preimage of x ∈ S is a fibre of order p, we see x as a cone point of angle 2π p . The map M → S is called a Seifert fibration, (one should think of this fibration as a circle bundle over the orbifold S). A Seifert fibration without singular fibres is a circle bundle over a surface, in the usual sense.
Let Σ ⊂ M be a closed embedded surface. We say Σ is vertical if it is the union of regular fibers. In this case we have two possibilities: Σ is a torus whose projection to the base surface is an orientation-preserving simple closed curve contained in the complement of the cone points of S; or Σ is a Klein bottle, which projects to an orientation-reversing simple closed curve, again inside the regular part of S (on this case, the orbifold is necessarily non-orientable). On the other hand, we say Σ is horizontal if is everywhere transverse to the fibers. On a closed Seifert manifold M there is an invariant associated to it, called the Euler number and denoted by e(M ), which detects the existence of such surfaces: M contains a horizontal surface if, and only if, e(M ) = 0.
Geometric metrics: Let E denote one of the fibered Thurston geometries, i.e, R 3 , S 3 , S 2 × R, H 2 × R, Nil 3 , SL 2 (R) (we will denote SL 2 (R) by SL 2 ). Each one of these spaces has a homogeneous metric with isometry group of dimension at least 4 and these metrics satisfy the following properties: there is a Riemannian submersion Π : E → M 2 (κ), where M 2 (κ) is the complete simply-connected Riemannian surface with constant curvature κ, and the fibers of Π are the integral curves of a unit Killing vector field ξ. We have κ = 0 in the case of R 3 and Nil 3 , κ = 1 in the case of S 2 × R and S 3 , and κ = −1 in the case of H 2 × R and SL 2 . Moreover each geometry has the structure of a line or circle bundle over M 2 (κ), such that the bundle projection coincides with the submersion Π, and all the isometries of these metrics preserve this bundle structure.
Every Seifert Fibered Space is diffeomorphic to a quotient of some E, and conversely every quotient of E has a Seifert Fibered structure. In view of this, we see that each Seifert fibered space has a locally homogeneous metric, and its Seifert fibration is induced by the bundle structure on the universal cover and the projection Π. Thus, outside the singular fibers, we have an SO(2)-action on the fibers by isometries and the projection on the base is a Riemannian submersion, where the base orbifold is endowed with a constant curvature metric with isolated cone singularities. We call such a metric a geometric metric.
Remark 2. Two closed 3-manifolds with different Thurston geometries are not diffeomorphic (see theorem 5.2 in [24] ). This fact will be crucial to our counterexample in the next section.
The appropriate geometry for a closed Seifert Fibered Space is determined in terms of the Euler number e(M ) and the orbifold Euler characteristic of the base denoted χ(S) by the following table:
Main example: Let p 1 , p 2 , p 3 2 be natural numbers and ∆ be a triangle in R 2 , or H 2 , with inner angles
. By reflecting iteratively ∆ along its sides we get a tessellation T . The triangle group Γ(p 1 , p 2 , p 3 ) is the group of isometries of R 2 , or H 2 , generated by the reflections along the three sides of ∆. This group acts freely and transitively on the triangles of the tessellation T , hence it is discrete and ∆ is a fundamental domain for Γ. Consider the index-two subgroup Γ = Γ or (p 1 , p 2 , p 3 ) Γ(p 1 , p 2 , p 3 ) consisting of orientation-preserving isometries. Taking the quotient of the model space by Γ we obtain an orbifold (S, g), which is a sphere with exactly 3 cone points of orders p 1 , p 2 and p 3 . (S, g) is hyperbolic, or flat, according to whether
is smaller than 1, or equal to 1, respectively.
Assume that
Recall that the geometry of SL 2 can be constructed in the following way: consider the unit tangent bundle U H 2 of H 2 endowed with the Sasaki metric, and then take the universal cover of U H 2 endowed with the pullback metric.
For each isometry f of H 2 , the differential f * is an isometry of U H 2 , and therefore using the covering SL 2 → U H 2 , f * lifts to an isometry of SL 2 . So, there is a group of isometries of SL 2 , denoted byΓ, which is an extension of Γ by the central Z subgroup of Isom( SL 2 ): we have the exact sequence 0 → Z →Γ → Γ → 0.
We will verify that the action ofΓ has no fixed point. It suffices to check this to f * , where f is any isometry of H 2 . We have
Since f ∈ Γ, f is either conjugate to a rotation or to an hyperbolic translation. On this last case there is no fixed point and on the former case an calculation shows that f * has no fixed points. Now is easy to prove that M = SL 2 /Γ is a closed Seifert Fibered Space projecting on (S, g), and a calculation shows that e(M ) = 0 and M has 3 singular fibers whose fibered torus have coefficients (p i , 1), i = 1, 2, 3. Geometrically we can see M as the unit tangent bundle of the orbifold (S, g). In general, it is possible to construct other circle bundles over (S, g) where e = 0 and at least one of the singular fibers has coefficients (p i , q i ) satisfying q i = 1. Similar constructions in the case
= 1 produces quotients of Nil 3 .
The counterexample
The following lemma describes the stable minimal surfaces in Seifert manifolds, and is crucial to our work.
Lemma 1 (Pitts, Rubinstein, [19] ). Let Σ be an closed two-sided stable minimal surface in a Seifert Fibered Space endowed with a geometric metric. Then Σ is vertical or horizontal.
Proof. The properties of being vertical or everywhere transverse to the fibers are local, moreover, the lift of a two-sided stable minimal surface under a covering is still two-sided and stable, so we can pass to a covering if necessary and suppose that M is a S 1 -bundle over a closed surface (any closed Seifert manifold admits such a covering). In this case, we have a well-defined SO(2)-action on the fibers by isometries of the metric. Let ξ be the vector field associated to the action on the fibers and let N Σ be a unit normal to Σ. Suppose Σ is neither vertical nor is everywhere transverse to the fibers. Then, the function φ = N Σ , ξ is not identically zero, but there is a least one point x ∈ Σ such that φ(x) = 0.
On the other hand, since the action on the fibers is by isometries we have
where L is the Jacobi operator of Σ. Since Σ is stable and equation (1) is satisfied, by standard elliptic theory we have that φ is everywhere positive or negative, or is identically zero. But this contradicts the last line of the previous paragraph. Therefore Σ is vertical or horizontal.
Proposition 1. Let (S, g) be a two-sphere endowed with a flat or hyperbolic metric g with three cone points. Then (S, g) does not contain a simple closed geodesic inside its regular part.
Proof. Suppose there is such a geodesic, and denote it by γ. Consider disks D i around the cone points p i , i = 1, 2, 3, such that γ ⊂S = S\(∪D i ).
We can choose D i as the quotient of a geodesic discD i in R 2 or H 2 by a rotation of angle 2π/q i (for some q i ∈ Z), where the center of this disc projects on the cone point. So, the boundary ∂D i is the projection of ∂D i . By this construction the boundary components ofS have negative geodesic curvature with respect to the unit normal vector pointing intoS. Since the underlying surface is a sphere, the curve γ must separate S. If γ were the boundary of a disc U onS, then by the Gauss-Bonnet formula and the hypothesis on the curvature of the orbifold we would have
which is a contradiction.
Thus, γ must be homotopic to one of the boundary components ofS. We denote this component byγ. Consider the annulus A with boundary components γ andγ. Sinceγ has negative geodesic curvature we obtain
which is again a contradiction.
Let us recall some definitions concerning 3-manifolds.
Definition 1. 1)
We say that a 3-manifold M is irreducible, if every 2-sphere embedded in M bounds an embedded 3-ball in M . M is P 2 -irreducible if it is irreducible and contains no embedded two-sided projective plane.
2) We say that a closed oriented 3-manifold M is Haken, if is irreducible and it contains an embedded two-sided incompressible surface Σ (i.e, the map π 1 (Σ) → π 1 (M ) induced by the embedding is one-to-one) of genus g ≥ 1.
Otherwise, we say M is non-Haken.
Theorem 3. Let (M, h) be a closed, irreducible, non-Haken Seifert Fibered Space with infinite fundamental group, endowed with a geometric metric h. Then (M, h) does not contain any closed, embedded, minimal surface whose two-sided cover is stable.
Proof. It is well-known that a closed, irreducible, non-Haken Seifert Fibered Space M with infinite fundamental group has e(M ) = 0 and the base orbifold is a sphere with three cone points (see for example proposition 2 in [7] ). The possible geometric structures for M are Nil 3 and SL 2 , and for the geometric metrics on M , the base has a flat or hyperbolic metric. So, M belong to the class of manifolds discussed on the main example 2. Suppose there is Σ ⊂ M , a closed embedded minimal surface whose twosided covering is stable. On the case Σ is two-sided, by lemma 1, Σ is either vertical or horizontal. If Σ is vertical then its projection γ on the base surface is a simple closed curve inside the regular part. Since the metric is geometric, the following calculation shows that γ is a geodesic:
• Let T and η be respectively a unit tangent field and a unit normal field to γ. Given a point x ∈ Σ consider an small neighbourhood U of Π(x) in S, such that the projection Π : Π −1 (U ) → U is a Riemannian submersion, and let T and η be the corresponding horizontal lifts to Π −1 (U ) of T and η. Then { T , ξ} is an orthonormal basis on T x Σ and η a unit normal to Σ, where ξ is the Killing vertical vector field of Π −1 (U ). Also, denote by∇ and ∇ the connections on M and S respectively. The mean curvature of Σ at a x is then calculated as
= the geodesic curvature of γ at the point Π(x).
However, the previous proposition shows that S does not admit simple closed geodesics in its regular part. On the other hand, as we mentioned in the last section closed manifolds with the geometries of Nil 3 and SL 2 , do not contain horizontal surfaces. So, in any case we obtain a contradiction.
Finally, if Σ is one-sided we can pass to a double coveringM of M so that the liftΣ of Σ is a connected closed two-sided minimal surface (see proposition 3.7 in [27] ), which is stable by the hypothesis. The manifoldM is also a Seifert Fibered space, endowed with the geometric metrich = Π * h, so again by lemma 1,Σ is either vertical or horizontal, thus this also holds for Σ, and the contradiction follows as before.
Therefore there is no such Σ.
Further discussion
Theorem 4. Let (M, g) be a closed Riemannian 3-manifold. If (M, g) does not admit any closed immersed minimal surface whose two-sided covering is stable, then M is finitely covered by the 3-sphere.
Proof. Suppose M is not a quotient of the 3-sphere, we will prove that (M, g) contains a two-sided, immersed, stable minimal surface, for any Riemannian metric g on M . Under the assumption, it follows from the work of Perelman that M has infinite fundamental group, thus there are four possibilities: 1) M is not irreducible: In this case, there is an embedded sphere S ⊂ M , which represents a non zero element of π 2 (M ). So, combining the results in [21] and [17] , there is an immersed stable minimal sphere Σ on M , and either Σ is embedded or double covers an embedded projective plane.
2) M is orientable, irreducible and Haken: Combining the results in [23, 22] with that of [3] , M admits an incompressible, orientable, stable minimal surface of genus g ≥ 1, moreover this surface is embedded or double-covers an embedded non-orientable surface (We could exclude this case, since the arguments of the next case also work if M is Haken. However it is relevant to the question of when the surface obtained is embedded.) 3) M is orientable, irreducible and non-Haken: We have two subcases. If π 1 (M ) contains Z ⊕ Z as a subgroup, then there an immersion of the 2-torus in M . Thus it follows from the results in [23, 22] that M contains an immersed stable minimal torus; if π 1 (M ) does not contain any subgroup isomorphic to Z ⊕ Z, then by the work of Perelman, M admits a hyperbolic metric. It follows from the work of Kahn-Markovic [10] that π 1 (M ) contain a subgroup isomorphic to the fundamental group of a orientable closed surface of genus g ≥ 2. So using again [23, 22] we conclude that M contains an immersed stable minimal surface of genus g ≥ 2.
4) M is non-orientable and irreducible: If M contains an embedded 2-sided projective plane P , then by proposition 2.3 [1] , M contains a embedded, 2-sided, stable minimal surface homeomorphic to P . If M is P 2 -irreducible, by lemmas 6.6 and 6.7 in [8] , M contains a embedded, 2-sided nonseparating incompressible surface S. Using the theorems 3.1 and 5.1 of [3] we obtain a stable minimal surface Σ homotopic to S, moreover, Σ is embedded or double covers an embedded one-sided surface.
Analysing the previous proof, we see that if M is either non-orientable, or not irreducible, or irreducible and Haken, then it contains an embedded minimal surface whose two-sided covering is stable. If M is irreducible, nonHaken and π 1 (M ) contains Z ⊕ Z as a subgroup, it follows from the Seifert Fibered Space theorem (see section 2.3.2 in [20] ) that M is a non-Haken Seifert Fibered Space with infinite π 1 , and as we saw in the theorem 3, these spaces admit a metric which do not contain the desired surfaces. So the only case remaining to study is that when M is a hyperbolic manifold. There are examples of non-Haken hyperbolic manifolds which does not contain any non-orientable embedded surface, so in this case the surfaces produced by the last theorem are not embedded and do not cover any non-orientable surface.
Question: Let M be a non-Haken closed hyperbolic 3-manifold. Let g be a Riemannian metric on M . Does (M, g) admit a closed, embedded, minimal surface whose two-sided covering is stable?
It is important to highlight that this question is open even when the metric g is the hyperbolic metric.
